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Abstract 

We generalize the notion of orthogonal latin squares to colorings of simple graphs. 
We define two n-colorings of a graph to be orthogonal if whenever two vertices 
share a color in one coloring they have distinct colors in the other coloring. We 
show that the usual bounds on the maximum size of a certain set of orthogonal latin 
structures such as latin squares, row latin squares, equi-n squares, single diagonal 
latin squares, double diagonal latin squares, or sudoku squares are a special cases 
of bounds on orthogonal colorings of graphs. We also show that the problem of 
finding a transversal in a latin square of order n is equivalent to finding an n-clique 
in a particular graph. 
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1 1. Introduction 

2 A latin square of order n is an n x n array filled with n symbols such that each 

3 symbol occurs exactly once in each row and column. It is usually convenient to use 

4 the numbers 1, . . . , n as the symbols. Two latin squares of order n are said to be 
B orthogonal if, when superimposed, each of the n^ possible ordered pairs of symbols 

6 occur A set of pairwise orthogonal latin squares is said to be a set of mutually 

7 orthogonal latin squares (MOLS) . 

8 We use the notation iV(n) for the largest size of a set of MOLS of order n. It is 
s well known that iV(n) < n — 1. When n is a power of a prime one can construct a 

set of n — 1 MOLS using finite fields, so when n is a prime power iV(n) = n—l (see 
[10, Ch. 2]). In this paper we introduce a generahzation of the function iV(n) that 
gives an upper bound on the cardinality of a set of pairwise orthogonal n-colorings 
of a graph. 

Example 1. Apolyomino is a (possibly disconnected) subset of cells from a square 
tiling of the plane. If we label the cells of a polyomino so that no symbol occurs 
more than once in any row or column, then we get a latin polyomino. As an exam- 
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17 pie, below we exhibit five latin polyominoes in two polyomino shapes. 




IS Note that the two latin polyominoes on the left are orthogonal in the sense that 

19 when they are superimposed each of the ordered pairs is distinct. Similarly, the 

20 three latin polyominoes on the right are mutually orthogonal. In each case we 

21 have exceeded the bound of JV(2) = 1 that occurs in the case where the polyomino 

22 shape is a square. 

23 In this paper we consider latin squares as a special case of a proper n-coloring 

24 of a simple graph. We generalize orthogonality of latin squares to orthogonal col- 
2B orings of a graph, a notion first studied in [0] • As a corollary, we obtain bounds 

26 on the cardinality of orthogonal sets of several structures including equi-n squares, 

27 row or column latin squares, latin squares, single diagonal latin squares, and dou- 

28 ble diagonal latin squares. 

29 A graph, G, is a set of vertices, V[G), and a set of edges, £(G), where each edge 

30 is an unordered pair of distinct elements of V(G). The order of G is the number 

31 of vertices in V(G). Two vertices are said to be adjacent (or neighbors} if they are 

32 connected by an edge in E. We write u ~ v to signify that u is adjacent to V. The 

33 degree of a vertex is the number of vertices adjacent to it. The complement of a 

34 graph G is a graph G that has vertex set V(G), and two vertices of G are adjacent 
3B if and only if they are not adjacent in G. An r-clique is a (sub)graph of r pairwise 

36 adjacent vertices. 

37 A (proper) coloring of G is a labeling of the vertices so that any two adjacent 

38 edges have distinct labels (which we call colors). An n-coloring is a coloring con- 

39 sisting of (at most) n colors. It is usually convenient to assume these colors are the 

40 numbers 1, . . . , n. A graph, G, is said to be n-colorable if there exists an n-coloring 

41 of G. The chromatic number % = x(G), of G is the minimum number, n, such that 

42 there exists an n-coloring of G. If C is a coloring of G, then we write C(v) for the 

43 color that C assigns to v. 

44 A latin square is an n-coloring of an n x n rook's graph. An mxn rook's graph is 
4B a graph with mn vertices in m rows and n columns, where two vertices are adjacent 

46 if they share a row or a column. 

47 Two colorings, Cj and C2, of a graph, G, are said to be orthogonal if when- 

48 ever u and v are distinct vertices of G, we have distinct ordered pairs of colors 

49 (Ci(u), C2(u)) 7^ (Ci(v), C2(v)). A set of pairwise orthogonal n-colorings of G is 
BO called a set of mutually orthogonal colorings. We denote the maximum size of a set 
Bi of mutually orthogonal n-colorings of a graph G by iV(G, n). 

B2 Example 2. Below we display orthogonal colorings of a graph of order 9 and a 
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53 graph of order 16. 




B4 A graph with a pair of orthogonal n-colorings can have at most vertices 

BB because there are at most distinct ordered pairs of labels. In fact, if any color 

Be shows up more than n times in a coloring, then the coloring has no orthogonal 

B7 mate. At the other extreme we may have an overabundance of colors — if n > | V(G)| 

B8 then each vertex can be assigned a different color Such a coloring is orthogonal to 

B9 any coloring, including itself 

60 In the reference, [4], Caro and Yuster investigate the number of colors needed 

61 for a graph to have orthogonal colorings. The authors define the orthogonal chro- 

62 matic number of G, Oj(G), to be the minimum number of colors in any pair of 

63 orthogonal colorings of G. Similarly the k-orthogonal chromatic number of G is 

64 the number, Ojj-CG), of colors required so that there exist k mutually orthogonal 
6B colorings of G. The authors find bounds on the values of OjCG) and Ox^^G) in 

66 terms of the parameters of G such as the maximum degree of any vertex of G or 

67 the chromatic number of G. They also show that several classes of graphs always 

68 have the lowest possible value Oj(G) = |^ \/|V(G)|1 . 

69 Here we are concerned with the function iV(G, n) which is related to the func- 

70 tion Oxk(.G) by the inequalities 

JV(G, Oxfc(G)) > k and OxM[G.n)iG) < n. 

71 In Section [z!4l we obtain some lower bounds for Ox^^G) as corollaries to our main 

72 theorems. 

73 Many authors have studied edge colorings of graphs as opposed to vertex col- 

74 orings. A proper edge coloring of a graph is a labeling of the edges of a graph such 
7B that any two edges that share a vertex receive distinct labels. For each graph, G, 

76 the line graph of G is the graph with vertex set £(G), and two vertices are adja- 

77 cent if and only if they share a vertex in G. Each edge coloring of G corresponds 

78 to a vertex coloring of the line graph of G in a natural way, so any question about 

79 edge coloring can be converted into a question about vertex coloring. The converse 

80 statement does not hold because most graphs are not the line graph of any graph. 

81 Despite the fact that each edge coloring may be viewed as an example of vertex 

82 coloring, many questions about edge colorings are interesting in their own right 

83 and have been studied in the context of edge colorings. Of particular note to us 

84 is the article lU by Archdeacon and Dinitz where they studied orthogonal edge 
8B colorings of graphs. In their article they viewed a latin square of order n as an 

86 edge coloring of the complete bipartite graph K„ „. Results about orthogonal edge 

87 colorings can be converted to results about orthogonal vertex coloring by studying 

88 the corresponding line graph. 
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89 Remark 3. A subgraph, H, of a graph, G, is a graph such that V(H) c V(G) 

00 and E[H) c £(G). It will always be the case that if H is a subgraph of G, then 

01 iV(H, n) > iV(G, n) because mutually orthogonal colorings of G are also mutually 

02 orthogonal colorings of H. 

03 Our main results are four theorems that give upper bounds for JV(G, n), namely 

04 the clique bound of Theorem [4l the degree bound of Theorem [5] the average-degree 
OB bound of Theorem[6l and the edge bound of Theorem[7l The first two theorems give 

06 bounds that depend on a large number of edges locally. 

07 Theorem 4 (clique bound). Let r, s, and n be integers satisfying 1 < r,s <n < r -\-s. 

05 Let G be a graph with an s-clique, A, that is disjoint from an r-clique, B, such that 
00 each vertex in B is adjacent to at least j vertices in A Then 



iV(G,n) < 



r[s - j) 
r +s — n 



100 Theorem 5 (degree bound). Let G be a graph of order n^ ■ 

101 degree at least d where <m<l <n. Then 



m that has I vertices of 



N(G,n) < 



■d-l)Z 



nl — I — m 



102 The next two theorems give upper bounds on N{G, n) based on the number of 

103 edges globally. 

104 Theorem 6 (average-degree bound). Let Gbea graph of order v with average vertex 
lOB degree D. Then for n <v, 



Af(G,n) < 



(v-D- l)n 



106 Theorem 7 (edge bound). Let Gbea graph with v vertices and e edges, v > n. Write 

107 V = qn + r with Q < r < n. Then 



NiG,n) < 



0-e 



in-r)Cf)+rCf) 



If D is the average degree of the vertices of G, and e is the number of edges 
00 in G, then D = -^^t so the edge bound and the average-degree bound depend on 
the same information. In fact the edge bound will always perform as well as the 
average-degree bound. We have included the average-degree bound because of its 
simplicity and because it is sufficiently strong to give tight bounds for most latin 
structures. 

In Section|2]we provide several corollaries to Theorems |5{Zl We shall show that 
the best possible upper bounds on the cardinality of sets of mutually orthogonal 
latin structures can be derived from the four bounds we have introduced. Table [T] 
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Table 1: We list the upper bounds for N{G, n) (the maximum cardinality of mutually orthogonal sets of 
latin structures) . Upper bounds that are known to be best possible are in bold. 

Average - 

Degree 

Bound 



Degree 
Bound 



GraphG I I I (iz£zl>l I I I 

|_ nl—l—m J |_ v—n J |_ r+s-n J 



Clique Bound Edge Bound 



equi-n square 



n+1 



n+1 



n+1 



row or column 
latin square of 
order n 



latin square of 
order n 



single diagonal 
latin square of 
order n 



n- 1 



n- 1 



n- 1 



n- 1 



n-2 



n-2 



n-2 



n-2 



double diagonal 
latin square of 
odd order, n > 3 



n-3 



n-2 



n-3 



n-2 



sudoku square of 
order n 



n-2 



n-2 



n - ^/n 



n-2 



mxn latin 
rectangle m<n 



n- 1 



n- 1 



n- 1 



117 on page [5] summarizes the results of Section[2]by showing the upper bounds on the 

118 cardinality of sets of various orthogonal latin structures. 

119 

120 In Section [Z4l we obtain lower bounds on the fc-orthogonal chromatic number 

121 Oxk^G). In Section[3]we prove each of the four bounds. In Section|4]we introduce 

122 some graph constructions that arise from sets of mutually orthogonal colorings of 

123 a graph. 

124 2. Upper Bounds on sets of Orthogonal Latin Structures 

125 We first define several structures that are related to latin squares. Then we show 

126 that the four bounds give the best possible value of JV(G, n) for each structure G. 

127 2.1. Latin Squares 

128 An equi-n square is an n x n array such that each of n symbols occurs in exactly 

129 n cells. A row (resp. column) latin square of order n is an n x n array where each 

130 of n symbols occurs in each row (resp. column). A single diagonal latin square is a 

131 latin square where each symbol on the main diagonal is distinct. A double diagonal 

132 latin square is a single diagonal latin square where each symbol along the back 

133 diagonal is also distinct. 
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134 Each of these latin structures is a balanced coloring of a graph with vertices. 

135 Two vertices of this underlying graph are adjacent if the structure forbids that they 

136 share a color For instance, two vertices in the underlying graph for a single diag- 

137 onal latin square are adjacent if they are in the same row or column or if they are 

138 both in the main diagonal. 

139 Corollary 8. Let n>2be a positive integer. 

140 (1) No set of mutually orthogonal equi-n squares of order n consists of more than 

141 n+1 squares. 

142 (2) No set of mutually orthogonal row (or column) latin squares of order n consists 

143 of more than n squares. 

144 (3) No set of mutually orthogonal latin squares consists of more than n—1 squares. 

145 (4) No set of mutually orthogonal single diagonal latin squares consists of more 
lie than n — 2 squares. 

147 (5) No set of mutually orthogonal double diagonal latin squares of odd order n> 3 

148 consists of more than n — 3 squares. (See ^\) 

149 Proof. To prove each part we shall use the degree bound with I = 1, m = 0, and d 

160 equal to the maximum degree of any vertex. 

161 In an equi-n square, no cells are adjacent, so the maximum degree of any vertex 

162 in an equi-n square is 0. For statement |(l)| the degree bound is n -I- 1. 

163 In a row latin square the rows form an n-clique, and the maximum degree of 

164 any vertex is n — 1. Thus for | (2) [ the degree bound is " = 

166 In a latin square each vertex is adjacent to all others in the same row and 

166 column, so each vertex has degree 2n — 2. Thus for |(3)| the degree bound is 

n^-l-(2n-2) _ -. 

167 — n — i. 

n—l 

168 In a single diagonal latin square, the upper left cell is adjacent to each vertex 

169 in the top row, the left column, or the main diagonal, so it has degree 3n — 3. In 

160 statement I (4) I we have a degree bound of " =n — 2. 

161 In a double diagonal latin square of odd order the center cell is adjacent to 

162 4n — 4 cells, so we have a degree bound of " = n — 3 for |(5)[ □ 

163 2.2. Gerechte Designs and Sudoku Squares 

164 A gerechte design of order n is an n x n array that has been partitioned into n 
166 regions of size n and filled with n symbols so that each row, column, and region 

166 contains each symbol exactly once. A sudoku square of order n^ is a gerechte design 

167 of order n^ where the partitioned regions are the n^ subarrays (starting from the 

168 top left corner) of size n x n. 

169 As a corollary to Theorem |4| we get a bound on the size of a set of mutually 

170 orthogonal gerechte designs. The following bound was proved in Corollary 

171 2.2]. 

172 Corollary 9. Given a partition of an nx n array into regions Sj, . . . ,S„, each of size 

173 n, the size of a set of mutually orthogonal gerechte designs for this partition is at most 
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174 n — i, where j is the maximum size of the intersection of a row or column with one of 

17B the sets Si,...,S^ with j < n. 

176 Proof. Let A be a row (or column). If S,- intersects A in ; cells () < n), then we 

177 let B = A\Si. Then with r = \B\, and s = t = n the clique bound limits the 

178 number of mutually orthogonal gerechte designs of order n with partition S^, . . . , S„ 

179 to 7— — = n — 7 . U 

\B\+n—n 

ISO Corollary 10. The maximum size of a set of mutually orthogonal sudoku squares of 

181 order n^ is n^ — n. 

182 Proof. A sudoku square is a gerechte design. The upper left block intersects the top 

183 row in n cells, so the clique bound on the cardinality of a set of mutually orthogonal 

184 -colorings is precisely — n. □ 

185 When n is a power of a prime the upper bound of Corollary [10] is always ob- 

186 tainable (see [2] or iflHl for constructions). We also note that most of the results 

187 of Corollary [8] follow as a corollary to Theorem |4l 

188 2.3. Latin Rectangles 

189 Let m< n. An mx n latin rectangle is defined to be an m x n array based on n 

190 symbols such that no symbol occurs more than once in any row or column. Latin 

191 rectangles are a natural extension of the notion of latin squares, and they have 

192 been studied extensively 

193 Two m X n latin rectangles are said to be orthogonal if, when superimposed, the 

194 mn ordered pairs are distinct. An m x n latin square is precisely an n-coloring of 
19B an m X n rook's graph, and orthogonality of latin rectangles corresponds precisely 

196 with mutually orthogonal n-colorings of those graphs. 

197 It is customary to let N[m, n) be the maximum cardinality of a set of mutually 

198 orthogonal latin rectangles (MOLR) of size m x n. The following bound for mutually 

199 orthogonal latin rectangles is well-known llO,] . 

200 Corollary 11. Af(m, n) < n — 1. 

201 Proof. In the underlying graph, G, for an m x n latin rectangle each vertex shares 

202 a row with n — 1 vertices and column with m — 1 vertices. Thus we may apply the 

203 average-degree bound with D = m + n — 2 and v = mn. Then 



Af(G,n) < 



(mn — (^m + n — 2) — l)n 



mn — n 



n-1. □ 



For r <s < t a latin rectangle of type (r,s, t) is an r x 5 array filled with t distinct 
symbols such that no symbol occurs more than once in any row or column. 

Latin rectangles of type (r,s, t) occur quite naturally. Any r x s rectangle inside 
a latin square is a latin rectangle of type (r,s, t) for some t. A latin rectangle of 
type (n, n, n) is precisely a latin square, and a latin rectangle of type ir,s,s) is an 
r X s latin rectangle. 
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210 Let N[r,s, t) be the maximum size of a set of MOLR of type (r,s, t). Then 

211 iV(r,s) = N[r,s,s) because each r x s latin rectangle is based on s symbols. The 

212 bound N(l,s) = N{l,s, t) = oo is trivial because any two 1 x s latin rectangles are 

213 orthogonal. Therefore, we shall assume that r > 1. 

214 First we note some obvious bounds. Clearly N[r,s, t) > N{r,s) because a rect- 
21B angle based on s symbols is also based on t symbols because s < t. In fact with 

216 r and s fixed, Af(r,s, t) is a nondecreasing function of t. With s and t fixed (and 

217 r < s) Af(r,s, t) is a nonincreasing function of r because a set of mutually orthog- 

218 onal (r + 1) x s rectangles yields a set of mutually orthogonal r x s rectangles by 

219 deleting a row. Similarly, with r and t fixed (and r < s < t) Af(r,s, t) is a nonde- 

220 creasing function of s because a set of r x (s + 1) MOLR yields a set of r x s MOLR 

221 by deleting a column. 

222 The following result is a direct application of the clique bound of Theorem |4l 

223 Corollary 12. When t <2s and r > I, 

s^-s 

Nir,s,t)<- . 

Zs — t 

224 Proof. We use the clique bound of Theorem |4l The top two rows of an r x s rect- 

225 angle are s-cliques, A and B. Each vertex in B shares a column with a vertex of A, 

2 

226 so we may take r = s and j = 1. The clique bound is □ 

227 Note that we get the bound N[r,s,s) < 5 — 1 of Corollary [TT] as a special case 

228 of Corollary [12] Also noteworthy is the case when t = 5 + 1 where the maximum 

229 possible size of a collection of mutually orthogonal latin rectangles of t3^e (r,s,s + 

230 1) is s. In particular, when s is one less than a power of a prime the bound is tight 

231 because we can use a complete set of 5 MOLS of order 5 + 1 to obtain s mutually 

232 orthogonal latin rectangles of type (r,s,s + 1) by deleting r + 1 rows and 1 column 

233 from each square. 



234 2.4. Lower Bounds for Orthogonal Chromatic Numbers 

235 In Caro and Yuster studied the the fc-orthogonal chromatic number Oxk^G), 

236 which is the minimum number, n, such that iV(G, n) > k. They obtained upper 

237 bounds for OXk(.G) that depend on parameters of the graph such as the maximum 

238 degree of a vertex or the chromatic number x(.G). Here we note that we can solve 

239 for n in each the four bounds for iV(G, n) that we have introduced, and thus find 

240 lower bounds for OxkiG). 

241 The following corollary is obtained from the average-degree bound of Theo- 

242 rem[6l 

243 Corollary 13. Let G be a graph with v vertices with average degree D. Then 

vk 

OxdG) > 

V — D — 1 — k 

244 The next corollary is obtained from the clique bound of Theorem |4l 
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Corollary 14. Let r, s, and n be integers satisjying 1 < r,s < n < r +s. Let G be a 
graph with an s-clique. A, that is disjoint from an r-clique, B, such that each vertex in 
B is adjacent to at least j vertices in A Then 

kr + ks + ri — rs 
Ox,(G)> ■ 



248 We can also derive lower bounds for OXkiG) from the degree bound and the 

249 edge bound, but the formulas are not as clean. 



3. Proofs of the Main Theorems 



251 3. 1 . The Degree Bound 

252 Proof of Theorem\5\ Let G be a graph of order n^ — m that has I vertices of degree 

253 at least d where < m < Z < n. We must show that 



N{G,n) < 



{n^-m-d-l)l 
nl — I — m 



Let Ci, . . . , Q be mutually orthogonal n-colorings of G, and let each of the vertices 
Ui,...,ui have degree at least d. Since there are n^ — m total vertices, then in any 
coloring, Q, there must be at least n — m colors applied to n vertices, while the 
other m colors are applied to an average of n — 1 vertices. The number of vertices 
of one of the colors Ci(ui), C;(ii() is at least m(n — 1) + (Z — m)n = ln — m. Thus 
at least one of the vertices u^, . . . , U; must share a color with ^^^^ ~ 1 vertices on 
average across the colorings C^, . . . , C;^ Therefore, 



nl 



1 fc < • 



1. 



261 Solving for k yields 



fc< 



[n^-m-d-l)l 
nl — I — m 



□ 



262 3.2. The Clique Bound 

263 Proof of Theorem^ Let r, s, and n be integers satisfying 1 < r,s < n < r + s. Let G 

264 be a graph with an s-clique. A, that is disjoint from an r-clique, B, such that each 

265 vertex in B is adjacent to at least ; vertices in A. We must show that 



iV(G,n) < 



r +s — n 



Let Ci,...,Cj^ be mutually orthogonal n-colorings of G. We may assume with- 
out loss of generality that the vertices of A are colored with the same colors, say 
1, . . . ,s, so that each pair of colors (1, 1), (2, 2), . . . , (s,s) occurs in A for each pair of 
superimposed colorings Q, Cj. Among the colorings Cj, . . . , C;^, no vertex of B can 
have any color in the set {1, ... ,s} more than once, so colors from the set {1, ... ,s} 
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271 can be applied to a vertex of B at most s — j times across all the colorings Cj , . . . , Q . 

272 Thus, colors from the set {s + 1, . . . , n} will occur at least fc — (s — j) times for each 

273 of the r vertices of B among the colorings Cj, . . . , Q. The total number of times 

274 that colors from the set {s + 1, . . . ,n} occur in B among the colorings Q, . . . , Q is 

275 at least r(fc — s+j). 

276 On the other hand, at most n—s of the colors from the set {s+1, ...,n} can occur 

277 in B for each coloring C, . Thus the total number occurances of a color from the set 

278 {s + 1, ... , n} in B among the colorings C^, . . . , Q is at most fc(n — s). Therefore 

279 r(fc — s +j) < m(n — s) so that 

r(s - j) 



fc< 



r +s ■ 



□ 



3.3. The Average-Degree Bound 

Proof of Theorem^ Let G be a graph of order v with average vertex degree D. We 
must show that for n< v, 



NiG,n) < 



(v-D- l)n 



V — n 



Let Cj, . . . , C/t be mutually orthogonal n-colorings of G. First note that if each 
vertex shares a color with s other vertices in each coloring (on average), then we 
could argue that sfc + D < v — 1 because we can't eliminate every possible pair of 
vertices from sharing a color since n<v. The theorem will be proved by finding a 
lower bound for 5. 

Consider a fixed coloring, C;. We expect that color c will be applied to v/n 
vertices on average. Therefore, if the color c is selected at random, then we expect 
each vertex of color c to share a color with ^ — 1 vertices on average. In other 

words, if we let Ij be the number of vertices of color j (so H +ln = v), then 

the average value of — 1, — 1, • • • , 'n ~ 1 is ^ ~ 1- 

Next we claim that s > - — 1. The actual average number, s, of vertices sharing a 
color with a given vertex is a weighted average of the values Z^ — 1, Z2 — 1, • • • , — 1- 
Specifically, the Z, vertices with color i each share a color with Z, — 1 vertices, so 

Zi(Zi-l) + Z2(Z2-l) + --- + Z„(Z„-l) 



In this case we have weighted the larger values Z^ — 1 with greater weights and the 
smaller values of Z^ — 1 with lesser weights, so s > ^ — 1- Thus Q — l^Zc+D<v— 1 



fc< 



(v-D- l)n 



□ 



299 3.4. The Edge Bound 

300 Proof of Theorem\7\ Let G be a graph with v vertices and e edges, v > n. We must 

301 show if r is the remainder when v is devided by n, then 



Af(G,n)< 



in-r)CrJ)+rCf) 
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Let Cj, . . . , Q be mutually orthogonal n-colorings of G. Each pair of vertices 
that share a color in Q must have distinct colors in Cj, j ^ i. Thus once each pair 
of vertices has shared a color in one of the Q's it is not possible to find an additional 
n-coloring orthogonal to each of the Q's. Thus we need to identify the minimum 
number of pairs of vertices that will share a color in a given Q . If a color is applied 
to m vertices, then that accounts for (^) pairs. Therefore, if color t is applied to /if 
vertices, then 

Ml \ , f M2 \ . . fl^n i 



+ 



+ ••• + 



309 pairs of vertices are accounted for in the coloring C^. The condition /^j H = v 

310 guarantees that the expression ([T]) is minimized when n — r of the colors appear 

311 [-J times and the other r colors appear [-] times. Therefore 



(n- r) 



L-J 
2 



+ r 



+ e < 



312 Solving for k then yields the theorem. 



□ 



313 4. Constructions with Orthogonal Colorings 

314 In this section we introduce a few graph structures that can be created from a 

315 set of orthogonal colorings. 

316 4. 1 ■ Coloring-Extended Supergraphs 

317 Given a graph G and a collection of colorings Cj, . . . , Cj. of G we can define a 

318 graph Gc^ which we call the coloring-extended supergraph to be the graph with 

319 vertex set V(G), and distinct vertices u and v are adjacent in Gq q if either u ~ v 

320 in G or C,(u) = C;(v) for some i. 

321 Example 15. Below we display two orthogonal colorings, and Cj, of a graph G 

322 and the supergraph Gcj • 




323 Theorem 16 (Caro and Yuster [4]). Let G be a graph with mutually orthogonal 

324 n-colorings C]^,...,C^. Then the collection, Ci,...,C^, of mutually orthogonal n- 

325 colorings of G can be extended if and only if there exists an n-coloring of the graph 
Gci.....c^- 
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327 Proof. Let K be an n-coloring of G^^ q. Then K is also an n-coloring of G, and 

328 Ci(u)) = [Kiv), Ci(v)) implies thatK(u) = K(v) and C,(u) = C,(v). However, 

329 the condition Q(u) = C,(v) implies that u ~ v in Gq q, so the only possible way 

330 to satisfy K{u) = K{v) is if u = v. Thus K is orthogonal to each C;. 

331 For the converse we suppose that K is an n-coloring of G that is orthogonal to 

332 each of Ci, . . . , Cj.. If K[u) = K[v) then u v in G, and, since K is orthogonal to 

333 C,, we must have C;(u) ^ C,(v) for each i. Therefore K is also an n-coloring of 
"4 Gcj_..._Cj- □ 

335 Example 17. Below we display orthogonal colorings C and K of a graph G. 





C K 

336 Note that K is also a coloring of the graph G^ . 

337 In [4] Caro and Yuster made use of Theorem [16] to find an upper bound for the 

338 orthogonal chromatic number Oj(G). 

339 Remark 18. When > \G\ = v > ^ + 2 the clique bound can be appUed to the 

340 graph Gq^ . In this case we obtain the bound 



iV(G,n)< 









n-1 




-[ill 


— n 


n-1 



+ 1. 



341 While this is a good bound, it does not outperform the edge bound, though it does 

342 match the edge bound for large values of v when the initial graph G has few edges. 

343 In particular, when v = n^ we get ]V(G, n) < n -I- 1, so part |(l)| of Corollary [8] can 

344 also be viewed as a corollary of the clique bound. 



34B 4.2. MOLS via Mutually Orthogonal Colorings 

346 A set of mutually orthogonal colorings of a graph can be used to create a set of 

347 MOLS under the right conditions. The existence of fc — 2 mutually orthogonal latin 

348 squares of order n is equivalent to the existence of fc mutually orthogonal squares 

349 of order n. A set of fc — 2 mutually orthogonal latin squares of order n can be ex- 

350 tended to a set of fc mutually orthogonal equi-n squares by adding a square with 

351 constant rows and a square with constant columns. It is similarly possible to con- 

352 struct fc — 2 mutually orthogonal latin squares from a set of fc mutually orthogonal 

353 equi-n squares. The following theorem and its proof provide a generalization of 

354 this construction using mutually orthogonal colorings of graphs. 
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355 Theorem 19. Let G be a graph of order n^. Suppose there exists a set ofk mutually 

356 orthogonal n-colorings of G. Then there exists a set of k mutually orthogonal equi-n 

357 squares, k — 1 mutually orthogonal row (or column) latin squares, k — 2 MOLS of 

358 order n, and k — 3 single diagonal latin squares. 

359 Proof. We first construct a set of fc — 2 MOLS. Let Q, . . . , Q be mutually orthog- 

360 onal n-colorings of G. We can obtain a set of fc — 2 MOLS Li,...,Lj^_2 of order 

361 n by letting the entry in row i and column ; of !„, be the color C^Cv), where v 

362 is the unique vertex in G with color C^_i(v) = i and C^(v) = j. To see that the 

363 squares Lj, . . . , Lj;_2 are latin note that each row and column will have distinct en- 

364 tries because C(._i and Cj. are orthogonal colorings. Moreover, since Ci,...,Cj._2 

365 are pairwise orthogonal, the squares Li, . . . , Lj;_2 will also be pairwise orthogonal. 

366 To this set of MOLS we can add an equi-n square with constant columns (or 

367 constant rows) to obtain a set of fc — 1 row (or column) latin squares. Moreover, 

368 if we include both the square with constant rows and the square with constant 

369 columns we have a set of fc mutually orthogonal equi-n squares. 

370 To obtain a set of fc — 3 mutually orthogonal single diagonal latin squares we 

371 can identify a permutation, o, that will permute the rows of 1,^-2 so that the main 

372 diagonal entries of o"(Lj._2) are equal. Then apply o to each square Li,...,L(._3. 

373 The resulting squares <j{L{), (j[L,^_2) will still be mutually orthogonal, and each 

374 of c7(Li), . . . , ct(Lj._3) will be a single diagonal latin square because no sjmibol will 

375 occur more than once down the main diagonal. □ 



376 4.3. Or-Products 

377 There are several ways to define the product of two graphs. The most commonly 

378 studied products are the tensor product graph, the cartesian product graph, the 

379 strong product graph, and the lexicographical product graph. We refer the reader 

380 to the reference [9] for definitions and results about these product graphs. Here 

381 we define yet another product graph. 

382 Let G and H be graphs. We define the or-product of G and H to be the graph 

383 G@H that has vertex set V(G) x V(H) where vertices (u, v) and (u', v') are adjacent 

384 in G ® H if either u ~ u' in G or v ~ v' in H. The or-product is commutative and 

385 associative and each of the product graphs named in the paragraph above is a 

386 subgraph of the or-product graph. (In fact G ® H is the complement of the strong 

387 product of the complements of G and H.) 

388 Example 20. The Kronecker product of matrices can be used to create a set of 

389 MOLS of order mn from a set of MOLS of order m together with a set of MOLS of 

390 order n. However, the mn x mn rook's graph is not the same as the graph that one 

391 obtains by taking the graph theoretic cartesian product of an m x m rook's graph 

392 and an n X n rook's graph (nor is it the same graph as any other product of rooks 

393 graphs) . 

394 Below we show a 4 x 4 rook's graph, G, with a vertex, that is adjacent to 

395 each of the vertices of the form S and a 3 x 3 rooks graph, H, with a vertex, 

396 that is adjacent to each of the vertices of the form ffl. We have marked the vertices 

397 of the graph G@H that are adjacent to the vertex ^ = ^) . 
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398 The following result for graphs is a strengthening of the Kronecker product 

399 construction of mutually orthogonal latin squares. 



400 Theorem 21. Let G and H 

401 subgraph of G @H, then 



graphs and m and n be positive integers. If S is a 



JV(S,mn) > min{JV(G,m),JV(H, n)}. 
402 Proof. It is sufficient to show that 

NiG®H,mn) > min{iV(G, m), JV(H, n)}. 



We create mn colors by taking ordered pairs of colors where the first color is a 
color applied to vertices of G and the second color is a color applied to vertices 
of H. We may then use a coloring, A, of G and a coloring, B, of H to obtain 
a coloring AB of G ® H by assigning to the vertex (u, v) the color (A(u),B(v)). 
To see that AB is a proper coloring of G ® H we note that if (u, v) ^ (u', v') and 
A,B,(ii, v) = AiB,(u', v') thenA,(ii) = A,(u') and Bi(v) = B,(vO, so u^y^u' and v v' 
which implies (u, v) -s^ (u', v')- 

Now assume that we have mutually orthogonal colorings Aj, . . . ,A^ of G and 
mutually orthogonal colorings Bj, . . . ,B^ of H. We claim that the product colorings 
AjBj, . . . ,A^B^ are mutually orthogonal. 

Suppose that for i^ j we have equal pairs of colors 

{AMu,v),AjBj[u,v)) = (A,B,(ii',v'),AjB/u',vO). 

To conclude that A;B; is orthogonal to AjBj, we must show that (u, v) = (u', v'). 

Since A^B^(iu,v) = A,Bi(u',v') then A,(u) = A,(u') and B,(v) = B,(v') while 
AjBj(iu,v) = AjBj(iu',v') implies Aj(u) = Aj(ii') and B^Cv) = Bj^v'). Since A, is 
orthogonal to A^, the equality of the ordered pairs (Ai[u),Aj[u)) = (A; ("'))) 
implies u = u'. Simililarly (B;(v),Bj(v)) = (B,(v'),Bj(v')) implies v = v'. Therefore 
the coloring A;B; is orthogonal to the coloring A^B^ . □ 

As a special case of Theorem [21] we obtain the well-known lower bound on the 
size of a set of MOLS that can be obtained via a Kronecker product construction 



423 Corollary 22. JV(mn) > min{JV(m), JV(n)}. 
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424 Proof. Let Rj denote the j x ; rook's graph for each j. The graph, R^„, is a subgraph 

425 of ® i?„ in a natural way, so by Theorem [21] 

JV(R^„,mn) > min{JV(R^,m),JV(R„,n)}. □ 

426 5. Transverals and Extremal Graph Theory 

427 A partial transversal of size r in a latin square is a set of r cells representing 

428 each row, column, and S5mibol at most once, and a transversal in a latin square of 

429 order n is an partial transversal of size n. 

430 Two of the most famous open problems involving latin squares are Ryser's Con- 

431 jecture and Brualdi's Conjecture. 

432 Conjecture 23 (Ryser's Conjecture). Every latin square of odd order possesses a 

433 transversal. 

434 Conjecture 24 (Brualdi's Conjecture) . Every latin square of order n possesses a par- 
as tial transversal of size n — 1. 

436 The best lower bounds on the size of a partial transversal in a latin square are 

437 n — •Jn for n < 7,730,530 (obtained independently in [121 and [3J) and n — 

438 11.0525(log(n))^ otherwise See (l6|, Ch. 2] for several results on the size of 

439 a partial transversal and for a summary of several conjectures related to Ryser's 

440 Conjecture and Brualdi's Conjecture. 

441 We say that a set of r vertices is a partial transversal of size r of a coloring of G 

442 if the r vertices are pairwise non-adjacent and they have r distinct colors in C. An 

443 independent set of vertices in a graph is a set of pairwise non-adjacent vertices. The 

444 complement of an independent set is a clique. 

445 For a coloring, C, of a graph, G, a partial transversal of size r is equivalent to 

446 an independent set in the graph G^^ or to an r -clique of G^. The problem of finding 

447 an n-coloring that is orthogonal to C is equivalent to partitioning C into at most n 

448 partial transversals. 

449 Thus we can turn the problem of finding a partial transversal in a latin square 

450 into the problem of finding a clique in a graph. Unfortunately, the problem of 

451 finding the largest clique in a graph is notoriously difficult. 

452 There is a theorem that gives a lower bound on the size of the largest clique in 

453 a graph with a given number of vertices and edges. 

454 Theorem 25 (Turan's Theorem). Any graph on n vertices with more than '^^'•^'^^^^^ 

455 edges must contain an r-clique. 

456 We may view a latin square as a coloring, C, of a rook's graph, G. To guarantee 

457 the existence of an r-clique in a graph of order we must have edges. The 

458 graph Gc has precisely " '^""^^'^""^^ edges. The inequality 

n2(n-l)(n-2) n^Cr - 2) 
2 ^ 2(r- 1) 
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459 implies n^(n- l)(n-2)(r- 11) > n'*(r-2). If we solve for r we get r < " ^^^^ ^ 

460 |n. An observant reader will note that |n is significantly lower than these best 

461 known lower bounds, so this approach has its limitations. At this point it is unclear 

462 whether "lUran's Theorem can be modified to take into account the highly uniform 

463 structure of the graph so that it might be useful in proving the conjectures of 

464 Ryser and Brualdi. 
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